Our aim is to find the general term of the analogue Euler zeta function in positive integers by using Fourier series. We also figure out the generalized coefficients of Fourier series and investigate some interesting relation in the integers.
Introduction

Many mathematicians have studied various kinds of an analogue zeta function such as Dirichlet L-function [-]. Friedman and Cohen constructed the p-adic analogue for
Hurwitz zeta functions [] . By using multiple Volkenborn integrals, Tangedal Some values can be calculated explicitly but ζ R (k + ), where k = , , . . . are still mysterious. The number ζ R () was demonstrated to be an irrational number by Apery (French mathematician) and can be seen in Hardy, Grosswald, Zhang, Srivastava, and others [-] . This Riemann zeta function is the Dirichlet zeta-function, the special case that arises when we take χ(n) = . http://www.advancesindifferenceequations.com/content/2013/1/182
In , Lejeune Dirichlet modified the zeta function and he separated the primes into separate categories. The primes depend on the remainder when divided by k. His modified zeta function is of the form
where χ(n) is a special kind of the function [] . Any function of the form L(s, χ) is known as a Dirichlet L-series where s is a real number greater than  and χ is called as Dirichlet character.
Mathematicians have studied extensively the Riemann zeta function and the Dirichlet zeta function because these functions play an important role in physics, complex analysis and number theory etc. They also recognized that the discovery of these zeta functions dates back to Euler.
Leonhard Euler (-) defined the zeta function for any real number greater than  by the infinite sum. After Euler defined this function, he showed that it had a deep and profound connection with the pattern of the primes. He also calculated ζ () = The Euler zeta function is defined as follows.
Definition . For s = , s ∈ C and Re(s) > ,
From Definition ., we define the analogue Euler zeta function as follows.
Definition . Let s = , s ∈ C and Re(s) > .
We easily note that ζ E (s) = -ζ AE (s).
In this paper, we find out the generalized coefficients of Fourier series and investigate some interesting relations in the positive integers. We also investigate values and a generalized term of the analogue Euler zeta function ζ AE (s) in the same way by using the Fourier series.
The Fourier series can be expressed as summation between sine series and cosine series instead of complicated functions. http://www.advancesindifferenceequations.com/content/2013/1/182
If the function f (x) has period p, then the Fourier series of f (x) is
where coefficients of the Fourier series a  , a n , and b n are defined by the integrals
A special instance of the Fourier series is the cosine series. If f (x) = f (-x) is initially defined over the interval [, p] , then it can be extended to [-p, p] and then extended periodically with period p. So, the cosine series of the Fourier series on [-p, p] is defined by
where
f (x) cos nπx p dx, and in this case
The sine series is a special instance of the Fourier series. Let f (-x) = -f (x). Then f (x) can be extended to [-p, p] . The Fourier series for this odd, periodic function reduces to the sine series in the form
We denote that a  = a
The paper is organized as follows. In Section , we construct generalized coefficients of sine series and cosine series in the positive integers and prove them. We also study some interesting relations about sine series and cosine series in the positive integers. In Section , applying these ideas, generalized coefficients will be used to obtain the main results of this paper. We also find the general term of the analogue Euler zeta function. http://www.advancesindifferenceequations.com/content/2013/1/182
The coefficient's rule of cosine series and sine series
In this section, we construct the coefficient's rule of cosine series and sine series. We access some relations about the coefficient sine series and cosine series.
The cosine series for f (x) is given by the following theorem.
Theorem . Let f (x) = x l for - < x <  and l be a positive even integer.
Proof We shall prove Theorem . using mathematical induction. We assume that f (x) = x l for - < x <  and l is a positive even integer.
Clearly, a
 and a
n hold when l =  as follows.
Suppose that l = m is true for a 
Consider the case l = m +  (m: even).
By the above assumption, we get
That is, a
 and a Remarks Let f (x) = x  for - < x < . Then we have the following equation:
where n P r = n! (n-r)! http://www.advancesindifferenceequations.com/content/2013/1/182 From (.), we get an interesting rule of coefficient a
Let f (x) = x  for - < x < . The cosine series of f (x) is the following equation.
From (.), we are able to express the rule of coefficient a
n by using the matrix
Then the cosine series of f (x) is the following equation:
where n P r = n! (n-r)! http://www.advancesindifferenceequations.com/content/2013/1/182
From the above equation, we are able to represent the rule of coefficient a () n by using the matrix
By using the matrix, we can display the coefficient a
n of cosine series in Theorem . as follows.
Corollary . Let l be a positive even integer. Then one has
From now on, we will see the coefficients of the sine series. The sine series f (x) is given by the following theorem.
Theorem . Let f (x) = x
l for - < x <  and l be a positive odd integer. n holds, that is,
By our hypothesis on b
n , we see that
Therefore b n holds for l = m +  (m: odd). Thus, we conclude the proof of the theorem by the principle of mathematical induction.
Let f (x) = x for - < x < . Then we have the following equation:
Let f (x) = x  for - < x < . From Theorem ., we get
From (.), we also get an interesting rule of coefficient b n .
The sine series of f (x) is the following equation:
From (.), we are able to express the rule of coefficient b
Then the sine series of f (x) is the following equation:
From the above equation, we are able to represent the rule of coefficient b n by using the matrix
By using the matrix, we can arrange the coefficient b
n of sine series in Theorem . as follows.
Corollary . Let l be any positive odd integer. Then we get
From Theorem . and Theorem ., we get the relation of coefficients between a Proof Take l = m - (m ∈ N) in Theorem .. Then we easily see that
We also use l = m (m ∈ N) from Theorem .. Then we obtain the following equation:
If l is an even integer, then b n : the coefficient of sine series, and m ∈ N. By using Theorem ., we derive that
for m = .
The analogue Euler zeta function in the integers
In this section, we get the value and generalized term of the analogue Euler zeta function. We derive ζ AE (), ζ AE (), . . . , ζ AE (m) by using the coefficient of cosine series and obtain http://www.advancesindifferenceequations.com/content/2013/1/182
Hence, we find out the following generalized term ζ (m), when m is a positive even integer. 
